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On a Modified Thorne Kinetic
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Thorne’s kinetic equation for a binary mixture of hard spheres has been
corrected to be consistent with irreversible thermodynamics. It has been
found necessary to change the functions that take into account the shielding
and excluded volume in the collision of molecules. On the other hand,
irreversible thermodynamics does not give any prescription to fix the
location where the modified functions are to be evaluated.

KEY WORDS: Transport coefficients; rigid spheres; binary mixture;
modified Thorne theory; comparison between kinetic theory and irreversible
thermodynamics; first order in the density.

In a previous paper,'> Barajas, Garcia-Colin, and Pifia have pointed out the
failure of the Thorne’s extension,’® for binary mixtures, of the Enskog
kinetic equation for dense gases of rigid spheres. It was shown that there is an
inconsistency of Thorne’s kinetic equations with irreversible thermody-
namics, at least for those diffusional effects which are of second order in the
density.

Thorne’s kinetic equations are reviewed here, in an attempt to find con-
sistency with irreversible thermodynamics, but keeping the Enskog ideas as
far as possible.
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A Thorne type system of kinetic equations is considered which written in
standard notation is‘V

Lty s = [ [ ot + Boual0f e + oA 0)

— xulr — %allﬁ)ﬁ'(r - Gllf‘)fl(r)]o%lgu‘f( dk v,
+ [ [ ole + 3R @ + 0l
—x12(r — %Oﬁli‘)fz(r - Ulzk)ﬁ(r)]0%2g21‘l:: dk dv, €y

with a corresponding equation obtained by interchanging 1 and 2. In these
equations o; (i = 1,2) is a parameter introduced to indicate the point of
evaluation of the y;, function.

Two modifications (the second a new one) to Thorne’s kinetic equations
are considered here. Both affect the y;; functions, which are the ones that
account for the “shielding”™ and the excluded volume in a collision between
molecules of species i and j:

1. The function y,, is evaluated at an arbitrary point located between
the centers of the colliding molecules® and determined by the «; param-
eters.

2. The “virial” coefficients for the y;; functions (zeroth order and first
order in density) are also put undetermined at the beginning and are fixed
at the end by the compatibility requirements.

The phenomenological information that the Enskog solution for these
modified Thorne equations has to satisfy is the following:

1. The pressure, appearing twice in the Euler balance equations, is
assumed to be given by the usual virial expansion, up to third order in
density, with constant coefficients (hard spheres), namely

p = kT{nl + ny + Z Bnn; + Z Bijkninjnk} 2
i

ijk

where the B coefficients are symmetric with respect to any subindex inter-
change.

2. The diffusional force is constrained to be compatible up to second
order in density with the phenomenological one, and determined by the virial
equation of state (2) and the energy expression given by the Euler balance
equations. As was pointed out previously,? this diffusional force is only
fixed up to a term proportional to a temperature gradient.
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As a result of these requirements, the coefficients in the new y functions
are determined according to

3 2
X1 = (Bn + ny By + ngBigs m‘%z_%)/g 703,

30,2

X12 = Xa1 = (312 + 1 Biis P

3 2
+ ngBsg; 062—_:_’1‘22;1)/5 mod, €)]

3 2
X2z = (Bzz + nyBoss + 11 Bayy ﬁ)/g 703y

with an additional condition
ay + ooy = 20'12 (4)

This is also a symmetry requirement.
In the low-density limit one expects that y;; — | and therefore

B = 77‘7%1'31' (5)

in agreement with the well-known second virial coefficients for hard spheres.
In order to compare our results with Thorne’s previous results, we note
that both in Thorne’s case and in this new case one has

p= kT(’?l + ng + Z %770131”1’71XU) (6)
i

Also, the Thorne y,; functions give correctly the first three virial coeffi-
cients in (6). This is so because the y;; functions are related to the pair cor-
relation function of the exact solution of the generalized Percus—Yevick
equation for a mixture of hard spheres.®

Our By, coefficients were determined therefore from Thorne’s original
equation of state, after symmetrization. By comparison one finds that the
coefficients of n; in our y,;, namely By /3med (i = 1, 2), are the same as in
Thorne’s or in the pure component case.

However, the other first-order density coefficients in Thorne’s y;,
functions cannot be expressed as in Eq. (3), for any selection of the evalua-
tion point. The y;; functions in Thorne’s kinetic equations are then in conflict
with irreversible thermodynamics.

Our y;; functions have a simple form in the case where the evaluation
point for the x5 function is located at the point in the middle of the line
joining the centers of the colliding molecules; one has in this case

o = (UIB)(By + 3 b ™
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In the other hand, the Thorne computations of the transport coefficients
are not formally affected by the modified y functions if the explicit depen-
dence (3) is not used. However, the numerical value changes with the new
form of those functions.

This theory still has serious difficulties because no physical argument is
available to fix the point of evaluation of the y;, functions and hence the
numerical value of the transport coefficients cannot be calculated. In par-
ticular, the Onsager relationships are satisfied as in the low-density limit®
and do not give a new prescription to fix such point.
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